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Abstract. An approach to a stable transformation of the output of a linear system into the output of a linear system with 
some particular basis is proposed. To provide stability, we use two approached to regularization: one is based on 
random projections and the other is based on truncated singular value decomposition. 
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1 Introduction 
 
Consider a linear system A, the output vector b is formed by a linear transformation of the input vector (input) х and 
adding noise as Ax + ε=b. For example, it can be a measuring system, where a discrete signal x of measurement object 
is unknown, b is the observed output, the matrix A describes the interaction of the signal with the environment and/or 
properties of the measuring equipment (detector, converter, etc.). The columns of A can be regarded as discrete samples 
of the system basis functions.  

The set of basis functions A reflect specific properties of the measuring system, so it can not be arbitrary. 
Accordingly, the observed output b, which is determined by the basis functions of A, may not meet user requirements, 
or may be incompatible with the methods of further processing. On the other hand, if a set of basis functions C is 
known, which would give an output with the desired properties, one can pose the problem of finding the transformation 
of the observed output b to the output of the system С with the basis C.  

We look for the transformation of the output as a linear transformation. For the case when the noise vector is known 
and its covariance matrix and the matrix of basis functions A weighted by the noise covariance matrix are full rank 
matrices, in [1] it is proposed to obtain the desired transformation using the inverse of A. However, if А has a high 
condition number and the series of its singular values gradually decreases to zero, the solution (i.e. the result of the 
transformation to the output of С) obtained using the inverse matrix is unstable. The instability is manifested in the fact 
that small changes in b correspond to large changes in solution and the solution error is big. 

Matrices of basis functions with those properties are often used in practice when solving signal processing problems 
in geophysical prospecting (electric, magnetic, seismic, gravimetric), spectrometry (e.g., gamma-ray spectrometry), 
medical diagnostics (visualization, imaging), etc. To obtain a stable solution in those cases, regularization is required 
[2]. In this paper we propose an approach to a stable solution of the transformation output based on using random 
projections and truncated singular value decomposition [3-5]. Both methods have a simple neural network 
implementation.  

 

2 The problem of output transformation 
 
Let the signal b be obtained from the output of the linear system А that performs transformation  

transformation of a linear system output, ill-posed inverse problem, inverse problem, random projection. 
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Ax + ε = b, (1) 

where A∈ ℜm×n, x∈ℜn, b ∈ℜm, and 

Ax = b0. (2) 

Denote as d0 the output of linear system С carrying out the transformation 

Cx = d0. (3) 

To obtain the solution, i.e. the estimation of the output of С by b, first let us obtain an estimate х' of input х by 
solving the inverse problem:  

х' = P b, (4) 

where P is the operator (matrix) which transforms the output b into х'.   

Then, let us obtain an estimate of the output of C: 

d'= C х' = C P b = Tb. (5) 

Thus, the operator CP transforms b into d'. The transformation matrix T=CP is called the reduction matrix in [1].  

The specific form of P depends on the properties of the matrix А. If the series of eigenvalues of А decreases 
monotonically and the condition number is large, the problem belongs to the class of discrete ill-posed problems [6]. 
The approximate solution of discrete ill-posed problems as the least-squares problems using numerical methods of 
linear algebra such as the LU, Cholesky, QR expansions, are unstable. This means that small perturbations in the input 
data lead to large perturbations in the solution.  

 

3 The transformation of the output vector using random projections 
 
We propose an approach to a stable solution of the output transformation problem based on the ideas of neural 
distributed information representations, random projections and randomized algorithms [3-5]. 

At first we obtain an estimate of the input signal х' using our 
approach to a stable solution of discrete ill-posed problem based on 
randomization [4, 7]. Multiply both sides of (1) by the matrix R∈ℜk×n, 
k ≤ n, elements of which are realizations of a random variable with a 
Gaussian distribution with zero mean and unit variance. Thus we 
make the transformation (projection) to the new space where the axes 
are random vectors. This operation has a simple neural network 
implementation by a single-layer perceptron with random 
connections, where the connection weights are realizations of a 
random variable (Fig. 1).  

We obtain the expression: 

RAx = Rb, (6) 

where RA ∈ ℜk×n, Rb∈ ℜk. The number of columns n is 
determined by the dimension of the matrix A, the number of rows k is 

not known a priori. We obtain the solution of the least squares problem (6) using the pseudoinverse matrix (RA)+: 

х' = (RA)+ Rb. (7) 

Using (7), the estimation of the output d' of the system С is done as follows: 

d' = C х' = C (RA)+ Rb = Tb, (8) 

where T = C (RA)+R. 

In [5], we investigated the dependence of the accuracy of getting the estimate of the true vector x (7) on the number 
k of rows of the random projection matrix. That study has shown that the dependence of error e on k has a minimum at 
k<n when the noise is significant. Therefore, to obtain an estimate of d' with the minimum error one should use a 
random projection matrix with the dimension k close to the optimum. The optimal number k of rows of the random 
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Fig. 1. Single-layer perceptron with random 
connections. 
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projection matrix is assumed to be the number that provides the minimum to the mean square error of the output 
transformation: 

e = Eε||d'k – d0||2 = Eε||C (RkA)+Rkb – d0||2. (9) 

where Eε is averaging over noise realizations. 

To select the dimension k of the projection matrix at which the solution error is close to the minimal one in the real 
world conditions, i.e. when the exact solution is unknown, we suggest [4] usage of model selection criteria originally 
proposed for selecting Tikhonov regularization parameters, as well as the criteria used to select the best models in the 
field of machine learning, inductive learning, and data analysis (criteria of Mallows, Akaike, etc.). 

 

4 The transformation of the output vector by singular value decomposition  
 
Another approach to the stable solution of the output transformation problem is based on the truncated singular value 
decomposition. A neural network implementation of singular value decomposition is described in [8, 9]. For stable 
regularized solution let us use the following matrix for getting the operator CP (5):  

P = Аk
+ = V diag (φi / σi) UT, at i≤k φi=1, otherwise φi =0. (10) 

Here Аk=USVT is approximation of the matrix А (m×n) obtained by the k (k <n) components of the singular value 
decomposition. U = (u1,…,uk) is the matrix of left singular vectors, V = (v1,…,vk) is the matrix of right singular vectors, 
S = diag(σ1,…,σk) is the matrix of singular values.  

Output estimation of the system C obtained using k components of singular value decomposition A is done as  

d'k = САk
+b = Tkb, (11) 

Tk = САk
+ = С V diag (φi / σi) UT d'k. (12) 

The optimal number of components of singular value decomposition is assumed to be the number that provides the 
minimum to the mean square error of the output transformation: 

e = Eε||d'k – d0||2 = Eε||Tkb – d0||2. (13) 

To select the optimal dimension k of the projection matrix, the model selection criteria are used.  

 

5 Experiments 
 
We investigated experimentally the dependence of the output transformation error on of the number of rows of the 

random projection matrix. The columns of the matrices A and 
C contained m samples of radial basis functions: 

 fn(z)=exp(–g(z–с)2), с=dn+b, (d=5, b=20), z={1,5,10,…,100}, 
n is the number of basis functions. For the original linear 
system g = 0.05. Fig. 2 shows the series of singular values of 
those matrices. 

The components of x in the experiments were as follows: 
x5=1, x6=0.5, x10=1, x11=0.26, x12=0.25, other components of x 
were zero. The vectors b0, d0, were obtained as Ax, Cx, 
respectively. As for the noise, we used random variable with 
the Gaussian distribution and deviations (noise levels) {0.0125, 
0.00625, 0.003125}. For those three noise levels, Fig. 3 shows 
the error e vs the dimension k for the method using the random 
projection (e_rp), and error values for non-regularized solution 
(e_nr), for the system С with g=0.3.  

We see that for the output transformation method using 
random projections the dependence of e on k has a minimum at 

k<n. With the increasing noise level, position of the minimum shifts to smaller values of k, and the error at the 
minimum increases. The minimum values of the error for the method using random projections is less than the values of 
error for nonregularized solution. For the method based on the truncated singular value decomposition, the dependence 
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Fig. 2. The series of singular values of A and C. 
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of transformation error on of the number of components k of the singular value decomposition is shown in Fig. 4 for the 
system С with g=0.3. 

0.1

1

10

100

1 2 3 4 5 6 7 8 9 10 11 12

k

e

e_rp nl=0.0125
e_rp nl=0.00625
e_rp nl=0.003125
e_nr nl=0.0125
e_nr nl=0.00625
e_nr nl=0.003125

 

0.1

1

10

1 2 3 4 5 6 7 8 9 10 11 12

k

e

e_svd nl=0.0125
e_svd nl=0.00625
e_svd nl=0.003125

 
The dependence of the error e on the dimension k, for the system С with g=0.3 

Fig. 3. using the random projection method Fig. 4. using singular value decomposition 
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The dependence of the error e on the dimension k, for the system С with g=0.2 

Fig. 5. using the random projection method Fig. 6. using singular value decomposition 
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The dependence of the error e on the dimension k, for the system С with g=0.1 

Fig. 7. using the random projection method Fig. 8. using singular value decomposition 
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Fig. 5-8 for the three noise levels shows the dependence of e on k for the method using random projection and the 
method based on singular value decomposition for different values of parameter g of the system C. In Fig. 5,6 g = 0.2; 
in Fig. 7,8 g = 0.1. Analysis of the dependencies in the figures shows that with increasing difference between the basis 
functions of the original system A and the system С the errors values at the minimum grow.  

 

6 Conclusion 
 
In this paper we propose an approach to a stable solution of the output transformation problem based on the use of 
random projections, and on the singular value decomposition, which has a simple neural network implementation. The 
method of transformation of the output vector using random projections at k<n ensures less computation time than the 
method based on the truncated singular value decomposition, since after projecting the singular values decomposition is 
carried out for the resulting matrix (k×n), where k is a small fraction of n of the original matrix A∈ℜm×n.  

The method of output transformation based on the singular value decomposition shows the error values at the 
minimum lower than the method using random projections. Application of the method using random projections is 
preferable for the cases where the speed requirements are high and the accuracy provided is sufficient. 
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